Abstract. Continuing the lines developed in [21] , in this paper we study nonhomogeneous wavelet systems in high dimensions. It is of interest to study a wavelet system with a minimum number of generators. It has been showed by X. Dai, D. R. Larson, and D. M. Speegle in [11] that for any d × d real-valued expansive matrix M, a homogeneous orthonormal M-wavelet basis can be generated by a single wavelet function. On the other hand, it has been demonstrated in [21] that nonhomogeneous wavelet systems, though much less studied in the literature, play a fundamental role in wavelet analysis and naturally link many aspects of wavelet analysis together. In this paper, we are interested in nonhomogeneous wavelet systems in high dimensions with a minimum number of generators. As we shall see in this paper, a nonhomogeneous wavelet system naturally leads to a homogeneous wavelet system with almost all properties preserved. We also show that a nonredundant nonhomogeneous wavelet system is naturally connected to refinable structures and has a fixed number of wavelet generators. Consequently, it is often impossible for a nonhomogeneous orthonormal wavelet basis to have a single wavelet generator. However, for redundant nonhomogeneous wavelet systems, we show that for any d × d real-valued expansive matrix M, we can always construct a nonhomogeneous smooth tight M-wavelet frame in L 2 (R d ) with a single wavelet generator whose Fourier transform is a compactly supported C ∞ function. Moreover, such nonhomogeneous tight wavelet frames are associated with filter banks and can be modified to achieve directionality in high dimensions. Our analysis of nonhomogeneous wavelet systems employs a notion of frequency-based nonhomogeneous wavelet systems in the distribution space. Such a notion allows us to completely separate the perfect reconstruction property of a wavelet system from its stability in various function spaces.
Introduction and Motivations
For a function f : R d → C and a d × d real-valued invertible matrix U, throughout the paper we shall adopt the following notation: f U ;k,n (x) := | det U| 1/2 e −in·U x f (Ux − k) and f U ;k := f U ;k,0 , x, k, n ∈ R d , (
where i denotes the imaginary unit. Now we recall the definition of a homogeneous wavelet system, which is closely related to the discretization of a continuous wavelet transform. Let M be a d × d real-valued invertible matrix and let Ψ be a subset of square integrable functions in L 2 (R d ). The following homogeneous M-wavelet system
has been extensively studied in the function space L 2 (R d ) in wavelet analysis, often with M being an integer expansive matrix. Here we say that M is an expansive matrix if all its eigenvalues have modulus greater than one. The elements in Ψ of (1.2) are called wavelet functions or wavelet generators. It is important to point out here that the elements in a set S of generators in this paper are not necessarily distinct and S may be an infinite set. The notation h ∈ S in a summation means that h visits every element (with multiplicity) in S once and only once. For a set S, we where J is an integer representing the coarsest scale level. In this paper, we are particularly interested in nonhomogeneous wavelet systems with a minimum number of generators, that is, the smallest possible cardinalities #Φ and #Ψ of generators in (1.3) . In contrast to homogeneous wavelet systems, we shall see in this paper that there is an intrinsic difference between nonredundant and redundant nonhomogeneous wavelet systems. To have some rough ideas about our results in this paper, let us present here two results on nonredundant and redundant nonhomogeneous wavelet systems with a minimum number of generators.
For nonhomogeneous orthonormal wavelet bases, we have the following result, which is a special case of Theorem 7. By Theorem 1, for a nonhomogeneous orthonormal M-wavelet basis in L 2 (R d ), the smallest possible numbers of generators are #Φ = 1 and #Ψ = 1, for which the integer matrix M must satisfy | det M| = 2.
In contrast to nonredundant nonhomogeneous wavelet systems in Theorem 1, for redundant nonhomogeneous wavelet systems such as tight wavelet frames (and consequently dual wavelet frames), we have the following result, whose proof and construction are given in Section 4.
Theorem 2. Let M be a d × d real-valued expansive matrix. Then there exist two real-valued functions φ, ψ in the Schwarz class such that
(i) WS J ({φ}; {ψ}) is a nonhomogeneous tight M-wavelet frame in L 2 (R d ) for all integers J:
(ii)φ andψ are compactly supported C ∞ even functions; (iii)ψ vanishes in a neighborhood of the origin, i.e., ψ has arbitrarily high vanishing moments; (iv) there exist 2πZ
Moreover, WS({ψ}) is a homogeneous tight
The property in (1.6) is called the refinable structure of φ and ψ in this paper. We shall see in Section 4 that the nonhomogeneous tight M-wavelet frames in Theorem 2 can be easily modified to achieve directionality in high dimensions by using nonstationary tight wavelet frames.
The structure of the paper is as follows. In Section 2, we shall explore the connections between nonhomogeneous and homogeneous wavelet systems in L 2 (R d ). We shall see in Section 2 that any given nonhomogeneous wavelet system will yield a homogeneous wavelet system and a sequence of nonhomogeneous wavelet systems with almost all properties preserved. For a nonredundant nonhomogeneous wavelet system, we shall see in Section 2 that it has a natural connection to refinable structures. In Section 3, we shall introduce and characterize a pair of frequency-based nonhomogeneous (and more generally, nonstationary) dual wavelet frames in the distribution space. We shall see in Section 3 that this notion allows us to completely separate the perfect reconstruction property of a wavelet system from its stability in various function spaces. As an application, for any d × d real-valued invertible matrix M, we obtain a complete characterization of a pair of nonhomogeneous (as well as nonstationary) dual wavelet frames in L 2 (R d ). This also yields a characterization of nonstationary tight wavelet frames in L 2 (R d ). Based on the results in Section 3, we shall prove Theorem 2 in Section 4. Moreover, we shall show that such nonhomogeneous tight wavelet frames in Theorem 2 are associated with filter banks and can be easily modified to achieve directionality in high dimensions.
Nonhomogeneous and Homogeneous Wavelet Systems in
In this section, we shall study the connections of a nonhomogeneous wavelet system in
To do so, we need the following auxiliary result.
Proof. We use a similar argument as in [21, Lemma 3] . We first prove that (2.1) holds with f = χ E , the characteristic function of a bounded measurable set E. By calculation, for f = χ E , we have
where |E| denotes the Lebesgue measure of E. Since E is bounded and M is an expansive matrix, we see that
, for arbitrary ε > 0, there exist positive constants N and c such that {y∈R d :|y| N } h(x)dx < ε and K h(x)dx < ε for every measurable set K with |K| < c. Since M is an expansive matrix, there exists an integer J such that for all j J, the Lebesgue measure of the set
is less than c. Consequently, we deduce that
for all j J. Therefore, we see that (2.1) holds for f = χ E . Consequently, (2.1) holds for any function f which is a finite linear combination of characteristic functions of some bounded measurable sets.
Define operators P j :
and arbitrary ε > 0, there exists a function g, which is a finite linear combination of characteristic functions of bounded measurable sets, such that f −g L 2 (R d ) ε. Since we proved that lim j→−∞ P j g = 0, there exists J ∈ Z such that P j g ε for all j J. Consequently, we have
Therefore, we conclude that lim j→−∞ P j f = 0. That is, (2.1) holds.
We mention that (2.1) in Lemma 3 holds for a more general d × d real-valued (not necessarily expansive) matrix. For example, by a slightly modified proof of Lemma 3, (2.1) holds if M is a d × d real-valued matrix such that
Without requiring that M be an expansive matrix, all the results in this section still hold provided that (2.1) holds even with lim in (2.1) being replaced by lim inf.
for some integer J, that is, there exist positive constants C 1 and C 2 such that 
with the same lower and upper frame bounds:
Proof. By the following simple fact that for f, g ∈ L 2 (R d ) and invertible d × d matrices U and V , 5) it is straightforward to see that if (2.3) holds for one integer J, then (2.3) holds for all integers J. Next we prove that (2.4) holds. Since (2.3) holds for all integers J, it is easy to see that
Taking J → −∞ in the above two inequalities and using (2.1) for the second inequality, we deduce that (2.4) holds.
The best possible constants C 1 and C 2 in (2.3) are called the lower frame bound and the upper frame bound of WS J (Φ; Ψ), respectively.
Let
, where r, s ∈ N∪{0, +∞}. Let WS J (Φ; Ψ) be defined in (1.3) and WS J (Φ;Ψ) be defined similarly. We say that the pair (WS J (Φ; Ψ), WS J (Φ;Ψ)) is a pair of nonhomogeneous dual M-wavelet frames in L 2 (R d ) if each of WS J (Φ; Ψ) and WS J (Φ;Ψ) is a nonhomogeneous Mwavelet frame in L 2 (R d ) and the following identity holds
For pairs of nonhomogeneous dual wavelet frames in L 2 (R d ), we have the following result.
and the following identity holds: Next, we discuss nonredundant nonhomogeneous wavelet systems. Let Φ and Ψ be subsets of
and there exist two positive constants C 3 and C 4 such that 
for all finitely supported sequences {w j;k,ψ } j∈Z,k∈Z d ,ψ∈Ψ .
Proof. Since (2.9) holds, by (ψ
, it is easy to verify that (2.9) holds for all integers J. Note that WS J+n (Φ; Ψ) = {f M n ;0 : f ∈ WS J (Φ; Ψ)} for all integers J and n. It is also easy to deduce that if the linear span of
for all integers J with the same lower and upper Riesz bounds.
Since (2.9) holds for all integers J, setting v k,φ = 0 in (2.9), we can easily deduce that (2.11) holds for all finitely supported sequences {w j;k,ψ } j∈Z,k∈Z d ,ψ∈Ψ . Since WS J (Φ; Ψ) is a Riesz basis in
Since M is an expansive matrix and
Let δ denote the Dirac sequence such that δ(0) = 1 and δ(k) = 0 for all k = 0. Let Φ, Ψ,Φ,Ψ in (2.6) be subsets of L 2 (R d 
. . , r, and n, n ′ = 1, . . . , s. It is a standard result, which can be easily proved by the same argument after (2.10), that a pair (WS J (Φ; Ψ), WS J (Φ;Ψ)) is a pair of nonhomogeneous biorthogonal M-wavelet bases in L 2 (R d ) if and only if it is a pair of nonhomogeneous dual M-wavelet frames in L 2 (R d ) and the biorthogonality conditions in (2.12) and (2.13) are satisfied. For pairs of nonhomogeneous biorthogonal M-wavelet bases in L 2 (R d ), we have the following result which includes Theorem 1 as a special case:
where
and
17)
where I rd M denotes the (rd M ) × (rd M ) identity matrix and
Proof. By Theorem 6, each of WS J (Φ; Ψ) and WS J (Φ;Ψ) is a nonhomogeneous Riesz M-wavelet basis in L 2 (R d ) for all integers J. By (2.5), we see that (2.12) and (2.13) must hold for all integers J. Thus, (WS J (Φ; Ψ), WS J (Φ;Ψ)) is a pair of nonhomogeneous biorthogonal M-wavelet bases in L 2 (R d ) for all integers J. To prove (2.14) and (2.15), let us consider the representations of φ
. . , r and n = 1, . . . , s under the Riesz basis WS 0 (Φ; Ψ). Noting that (2.12) and (2.13) hold for all integers J, we deduce that
with all the coefficient sequences being square summable and the series in (2.19) converging in 
, we conclude that (2.14) holds. Using the same argument by switching the roles of φ, ψ withφ,ψ, we see that (2.15) holds with
For an integer invertible matrix M, we denote by {γ 0 , . . . ,
. Now it is easy to check that
(2.23) Representing the entries in the vector η under the Riesz basis WS 0 (Φ; Ψ), we have
Using (2.21) and (2.24), by φ ℓ M;γn ,φ
are two Riesz bases for the same subspace. Now it follows from (2.23) and (2.25) that 
The above identities hold if and only if
Using an argument in [19, Lemma 1], we explore in the following result the connections between nonhomogeneous Riesz wavelet bases and refinable structure.
for some integer J. Then the following statements are equivalent to each other:
holds with φ and ψ being defined in (2.16).
Proof. (i)⇒(ii) is a direct consequence of Theorem 7. We now prove (ii)⇒(i). Since WS
. . , s} such that (2.12) and (2.13) hold withφ
Now we prove that (2.12) and (2.13) must hold. In fact, by the definition in (2.26), we have
and for j J, noting that M
We also observe that
We now prove the rest of (2.12) and (2.13) by a similar argument as in [19, Lemma 1] . For
By (2.27), we have φ
To prove (2.13), we consider two cases. If j j
In conclusion, by the uniqueness of a dual Riesz basis of WS J (Φ; Ψ), we proved thatφ
This completes the proof of (ii)⇒(i).
We conclude this section by some remarks. Firstly, by the results in this section, we see that a nonhomogeneous wavelet system WS J (Φ; Ψ) in L 2 (R d ) for a given integer J (that is, at the coarsest scale level J) naturally leads to a sequence of nonhomogeneous wavelet systems WS j (Φ; Ψ) for all integers j ∈ Z while preserving almost all the properties of the system at j = J. This is a fundamental property in wavelet analysis. In fact, a one-level fast wavelet transform is just a transform between the two sets of wavelet coefficients of a given function represented under two nonhomogeneous wavelet systems at two consecutive scale levels. Naturally, for a multi-level wavelet transform, there is an underlying sequence of wavelet systems at every scale level, instead of just one single wavelet system. For a given nonhomogeneous (stationary) wavelet system, since it naturally produces a sequence of nonhomogeneous wavelet systems, this allows us to study only one nonhomogeneous wavelet system instead of a sequence of nonhomogeneous wavelet systems. This desirable property of nonhomogeneous wavelet systems is not shared by homogeneous wavelet systems. Secondly, by the results in this section, for any d × d real-valued expansive matrix M, we see that a nonhomogeneous wavelet system WS J (Φ; Ψ) in L 2 (R d ) for a given integer J naturally leads to a homogeneous wavelet system WS(Ψ). Therefore, a homogeneous wavelet system WS(Ψ) can be regarded as the limit of a sequence of nonhomogeneous wavelet systems WS j (Φ; Ψ) as j → −∞. Due to Theorem 7, we see that a nonhomogeneous orthonormal wavelet basis has natural connections to refinable structures. This motivates us to introduce the notion of a homogeneous wavelet system with the quasi-refinable structure. For a given homogeneous wavelet system WS(Ψ) being a frame or a Riesz basis in L 2 (R d ), we say that the homogeneous wavelet system WS(Ψ) has the quasi-refinable structure, if there exists a subset Φ of L 2 (R d ) such that the nonhomogeneous wavelet system WS 0 (Φ; Ψ) is a frame or a Riesz basis in L 2 (R d ) so that the homogeneous wavelet system WS(Ψ) is its limit system. Lastly, we mention that results in this section for nonhomogeneous wavelet systems in L 2 (R d ) can be generalized to more general function spaces such as Sobolev spaces and Besov spaces. For the case of Sobolev spaces, see [21, Theorem 7] and [24] for more detail.
Frequency-based Nonstationary Wavelet Systems in the Distribution Space
To characterize nonhomogeneous dual or tight wavelet frames in L 2 (R d ), we shall take a frequencybased approach by studying frequency-based nonstationary wavelet systems in the distribution space. More precisely, we shall introduce and characterize a pair of frequency-based nonstationary dual wavelet frames in the distribution space. As pointed out in [21] for dimension one, such a notion allows us to completely separate the perfect reconstruction property of a wavelet system from its stability in various function spaces. Results in this section will serve as our basis to study nonhomogeneous and directional nonstationary tight wavelet frames in L 2 (R d ) in the next section. Following the standard notation, we denote by D(R d ) the linear space of all compactly supported C ∞ (test) functions with the usual topology, and
. By duality, it is easy to see that translation, dilation and modulation in (1.1) can be naturally extended to distributions in D ′ (R d ). For a tempered distribution f , by the definition of the notation f U ;k,n in (1.1), we have
In this paper, we shall use boldface letters to denote functions/distributions or sets of functions/distributions in the frequency domain. By L loc p (R d ) we denote the linear space of all measurable functions f such that
is just the set of all locally integrable functions that can be globally identified as distributions, that is,
, we shall use the following paring
, the duality pairings f, ψ and ψ, f are understood similarly as f, ψ := ψ, f := ψ(f). Let J be an integer and N j , j J be d × d real-valued invertible matrices. Let Φ and Ψ j , j J be subsets of distributions. A frequency-based nonstationary wavelet system is defined to be
For the particular case N j = N j and Ψ j = Ψ for all j J, a frequency-based nonstationary wavelet system in (3.3) becomes a frequency-based nonhomogeneous (stationary) N-wavelet system:
For a nonhomogeneous M-wavelet system WS J (Φ; Ψ) such that all the generators in Φ and Ψ are tempered distributions, by (3.1), the image of the nonhomogeneous M-wavelet system WS J (Φ; Ψ) under the Fourier transform simply becomes the frequency-based nonhomogeneous (M T ) −1 -wavelet system FWS J (Φ; Ψ), where
For analysis of wavelets and framelets, as argued in [21] for dimension one, it is often easier to work with frequency-based wavelet systems FWS J (Φ; Ψ) instead of space/time-based wavelet systems WS J (Φ; Ψ), though both are equivalent to each other under the framework of tempered distributions. Since we consider frequency-based wavelets and framelets in the distribution space
) be defined in (3.4) and FWS J (Φ; {Ψ j } ∞ j=J ) be defined similarly. Generalizing the notion in [21] from dimension one to high dimensions, we say that the pair
is a pair of frequency-based nonstationary dual wavelet frames in the distribution space
, where the infinite series in (3.9) converge in the following sense
converge absolutely for all integers j J; (ii) for every f, g ∈ D(R d ), the following limit exists and
We say that the pair in (3.8) is a pair of frequency-based nonstationary dual wavelet frames in Before we study and characterize a pair of frequency-based nonstationary dual wavelet frames in the distribution space D ′ (R d ), by the following result, we see that the above notion allows us to completely separate the perfect reconstruction property of a wavelet system from its stability in the function space L 2 (R d ). 
(ii) the pair in (3.8) is a pair of frequency-based nonstationary dual wavelet frames in the distribution space
Proof. The necessity part is trivial, since
. It suffices to prove the sufficiency part. By (3.13), we have
. Therefore, we see that ·, ϕ N J ;0,0 can be extended into a bounded linear functional on L 2 (R d ), from which we conclude that ϕ N J ;0,0 can be identified with a function in
By the same argument, we see that both systems in (3.8) have all their elements in
and both systems are countable sets, by a standard argument using density, we see that (3.13) and (3.14) hold for all f, g ∈ L 2 (R d ). By item (ii), (3.9) holds for f, g ∈ D(R d ). Since (3.13) and (3.14) hold for all f, g ∈ L 2 (R d ), using Cauchy-Schwarz inequality, we see that (3.9) holds for all f, g ∈ L 2 (R d ) with the series converging absolutely. Now by (3.9) and using Cauchy-Schwarz inequality, it follows from (3.13) and (3.14) that the left-hand sides of the inequalities in (3.13) and (3.14) are no less than (2π
respectively. This completes the proof of the sufficiency part. A pair of frequency-based (or space/time-based) nonstationary dual wavelet frames can be generalized from the function space L 2 (R d ) to a pair of dual function spaces (B, B ′ ) where B is a Banach function space contained in D ′ (R d ) and B ′ is its dual space. For example, B can be a Sobolev or Besov space. The result in Theorem 9 holds for such more general function spaces by replacing item (i) with suitable stability condition, more precisely, the boundedness of the primal system in the function space B and the boundedness of the dual system in the function space B ′ . That many classical function spaces can often be characterized by the wavelet coefficient sequences largely lies in the fact that we have the perfect reconstruction property in item (ii) while the two wavelet systems are often bounded in many function spaces. For the case of Sobolev spaces, see [21, Theorem 7] and [24] for more details on pairs of dual wavelet frames in function spaces other than L 2 (R d ). To characterize a pair of frequency-based nonstationary dual wavelet frames in the distribution space, let us first look at the absolute convergence of the series in (3.10). By the following result which generalizes [21, Lemma 3], we see that the absolute convergence of the series in (3.10) holds under a very mild condition.
with the series on the left-hand side converging absolutely. Note that the infinite sum on the right-hand side of (3.15) is in fact finite.
Proof. Define two 2πZ d -periodic functions h andh as follows:
Since f, g ∈ D(R d ), the infinite sums in (3.16) are in fact finite for
. By calculation, we have
Now by Parsevel identity for periodic functions in L 2 (T d ), one can easily deduce that the left-hand side of (3.15) is equal to
from which we see that (3.15) holds. Since f, g are compactly supported and U is invertible, f(ξ)g(ξ + 2πU −1 k) = 0 for all ξ ∈ R d provided that k is large enough. Hence, the infinite sum on the right-hand side of (3.15) is in fact finite.
The assumption of membership in L loc 2 (R d ) is only used in this paper to guarantee (3.15) with the series on the left-hand side of (3.15) converging absolutely.
The following result characterizes a pair of frequency-based nonstationary dual wavelet frames in the distribution space. 
(the infinite sums in (3.19) are in fact finite.) where
By Lemma 10, we have
On the one hand, since f and g are compactly supported, there exists a positive constant c such that f(ξ)g(ξ + 2πk) = 0 for all ξ ∈ R d and |k| c. On the other hand, by our assumption in (3.17), {k ∈ Λ : |k| < c} is a finite set and therefore, there exists a positive integer J ′′ such that N j k ∈ Z d for all j J ′′ and k ∈ Λ\{0} with |k| < c. That is, under the assumption in (3.17), for all J ′ J ′′ , (3.23) becomes
If (3.18) holds, then we deduce from (3.24) that
Now it follows from (3.18) that
Therefore, the pair in (3.8) is a pair of frequency-based nonstationary dual wavelet frames in the distribution space D ′ (R d ). Conversely, (3.26) holds. By our assumption in (3.17), (3.24) holds for all J ′ J ′′ . Note that the set Λ is discrete and closed, that is, for any k ∈ Λ, ε k := inf y∈Λ\{k} y − k /2 > 0. For any k ∈ Λ\{0} and ξ 0 ∈ R d , we deduce from (3.24) and (3.26) that for J
the ball with center ξ 0 and radius ε k . Now we can easily deduce from the above relation in (3.27 ) that identity in (3.19) holds for almost every ξ ∈ B ε k (ξ 0 ). Since ξ 0 is arbitrary, we conclude that (3.19) holds. By (3.19) and (3.24), we see that (3.25) holds, from which we see that (3.18) holds.
As we shall see in the proof of Corollary 15, the condition in (3.17) is automatically satisfied if N j = N j for all j J and all the eigenvalues of N are less than one in modulus. Using a more technical argument, we also see that Theorem 11 (as well as other results in this paper) still holds if the assumption, that Φ,Φ, Ψ j ,Ψ j are finite subsets of L loc 2 (R d ) for all j J in Theorem 11, is replaced, for example, by the assumption 
Proof. By Theorem 9, (i)⇒(ii). To see (ii)⇒(i), since (FWS
) is a pair of frequency-based nonstationary dual wavelet frames in the distribution space, by definition, we can easily deduce that (3.13) must hold with C = (2π)
d . Now by Theorem 9, (ii)⇒(i). The equivalence between items (ii) and (iii) follows directly from Theorem 11.
We have the following result on a sequence of pairs of frequency-based nonstationary dual wavelet frames in the distribution space.
and Ψ j ,Ψ j in (3.7) be subsets of
Then the following statements are equivalent:
) is a pair of frequency-based nonstationary dual wavelet frames in the distribution space D ′ (R d ) for every integer J J 0 ; (ii) the following identities hold:
with all the series converging absolutely.
If in addition (3.17) holds and all
, then any of the above statements is also equivalent to (iii) the following identities hold:
and for all integers j J 0 ,
Proof. (i)⇒(ii). Considering the difference between two pairs at consecutive levels j and j + 1, from (3.11) we see that (3.31) holds. Now by (3.31), it is straightforward to see that
Therefore, (3.30) holds.
(ii)⇒(i). Since all the series in (3.31) converge absolutely, all the series in (3.10) converge absolutely. To see item (i), by (3.31), we deduce that (3.35) holds. Now (3.11) with Φ = Φ J and Φ =Φ J follows directly from (3.30) and (3.35).
(ii)⇔(iii). By Lemma 10, we see that (3.31) is equivalent to
Since Λ j is discrete, by the same argument as in Theorem 11, we see that (3.36) is equivalent to (3.33).
By Lemma 10, we see that (3.30) is equivalent to
By our assumption in (3.17) , as in the proof of Theorem 11, there exists a positive integer
which is equivalent to (3.32).
We point out that (3.33) can be equivalently rewritten as
Due to its similarity to MRA (multiresolution analysis) structure ( [12, 27, 28] ), the relations in (3.31) (or more general, (3.35)) could be called the quasi-MRA structure. One important property of dual wavelet frames is its frame approximation order (see [14] ). Due to (3.35), we observe that the frame approximation order associated with the pair in Theorem 13 is completely determined by the generators Φ j ,Φ j , j J 0 and it has nothing to do with Ψ j ,Ψ j , j J 0 .
The following simple result on matrices will be needed later.
Moreover, if every eigenvalue λ of M satisfying |λ| = λ min has the same algebraic and geometric multiplicity, then λ min − ε on the left-hand side of (3.39) can be replaced by λ min . Similarly, if every eigenvalue λ of M satisfying |λ| = λ max has the same algebraic and geometric multiplicity, then λ max − ε on the right-hand side of (3.39) can be replaced by λ max . In particular, if M is isotropic (that is, M is similar to a diagonal matrix with all the diagonal entries having the same modulus), then
Proof. There exists a d × d complex-valued invertible matrix E such that EME −1 is the Jordan canonical form of M. Denote
Let λI r + F be a Jordan block in the Jordan canonical form EME
. . , ε r−1 ) = λI r + εF . Therefore, λI r + F is similar to λI r + εF . Consequently, there exists a d × d complex-valued matrix G such that GMG −1 is a diagonal block matrix with each block being the form of λI + εF . Define a norm · M on C d by
Restricting the norm · M on R d , now we can easily deduce that (3.39) holds.
As a direct consequence of Theorem 13, we have the following result on a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space.
Corollary 15. Let M be a d × d real-valued expansive matrix and define
, the following identities hold:
the sense of distributions and
where I k Φ is defined in (3.20) and
Proof. We first show that the condition in (3.17) is satisfied. Since N j = N j and all the eigenvalues of N are less than one in modulus, by Lemma 14, it is trivial to conclude that lim j→∞ N j x = 0 for all x ∈ R d . By Lemma 14 again, it is also trivial to see that the set Λ :
is discrete. So, the condition in (3.17) is satisfied. Now all the claims in Corollary 15 follow directly from Theorem 13.
As another application of the notion of a pair of frequency-based nonstationary dual wavelet frames in the distribution space, we have the following result which naturally connects a nonstationary filter bank with wavelets and framelets in the distribution space.
periodic measurable functions such that there exist positive numbers ε,ε, C j ,C j , j ∈ N satisfying
is a pair of frequency-based nonstationary dual wavelet frames in the distribution space D ′ (R) for every integer J 0, if and only if, for all j ∈ N,
a.e. ξ ∈ σ ϕ j ∩ σφ j , (3.52)
Proof. Using the inequality |z| e |1−z| for all z ∈ C, by (3.45), we deduce that 
. By (3.47), we have ϕ j−1 (N j−1 ξ) = a j (N j ξ)ϕ j (N j ξ), from which we can easily deduce that (3.48) holds. Since M T j N j = N j−1 and M j is an integer matrix, we see that (3.33) with j being replaced by j − 1 is equivalent to
for almost every ξ ∈ R d and for all k ∈ Z d and ω ∈ Ω M j , where δ(0) = 1 and δ(ω) = 0 for all ω = 0. Now by (3.49) and (3.50), it is easy to deduce that (3.59) is equivalent to (3.52) and (3.53).
By (3.58), we deduce that
whereC := ∞ j=1C j < ∞. By (3.46), the above inequalities imply that for any bounded set K, there exists a positive integer J K such that 1 2
It follows from (3.49) that
By (3.60), (3.61) and the above identity, using Lebesgue dominated convergence theorem, we conclude that lim j→∞ [5, 13, 14] (also see [15, 16, 20, 22] ) from homogeneous wavelet systems to nonhomogeneous and nonstationary wavelet systems. The stationary case of OEP with r j = 1 and θ j,1 =θ j,1 = 1 is given in [29, 30] for homogeneous wavelet systems. Let M be a d × d integer expansive matrix and N := (M T ) −1 . In Theorem 16, if M j = M, a j = a,ã j =ã for all j ∈ N and if there exist positive numbers ε,ε, C,C such that
by Lemma 14, then it is easy to see that (3.17), (3.45), and (3.46) are satisfied.
Nonhomogeneous and Directional Nonstationary Tight Framelets in
In this section, we shall study and construct nonhomogeneous (stationary) tight wavelet frames with a minimum number of generators by proving Theorem 2. By modifying the construction in Theorem 2, we also show that we can easily construct directional nonstationary (more precisely, nonhomogeneous quasi-stationary) tight wavelet frames in L 2 (R d ). Moreover, both constructed systems are associated with filter banks and can be derived by Theorem 16 with such filter banks if the underlying dilation matrix is an integer expansive matrix.
As a direct consequence of Corollary 12 and Theorem 13, we have the following result.
then all the conditions in (4.3), (4.4) , and (4.5) are reduced to the following simple condition
Proof. By the proof of Corollary 15, we see that the condition in (3.17) is satisfied. It is trivial to check that (3.33) with Φ j :=Φ j := Φ andΨ j := Ψ j is equivalent to all the conditions in (4.3), (4.4), and (4.5). Note that the assumption in (4.6) simply means I k Φ (ξ) = 0 and I
, and j J 0 . Now it is easy to see that all the conditions in (4.3), (4.4), and (4.5) are reduced to the simple condition in (4.7). Since Φ j =Φ j = Φ and r j = r, we have
Now it is straightforward to see that (3.32) is equivalent to (4.2). The proof is completed by Theorem 13 and Corollary 12.
The sequence of systems FWS J (Φ; {Ψ j } ∞ j=J ), J J 0 in Corollary 17 is of particular interest in applications. The only difference between these systems in Corollary 17 and nonhomogeneous wavelet systems lies in that the sets Ψ j of wavelet generators depend on the scale level j and therefore, the wavelet generators are not stationary. This freedom of using different sets Ψ j at different scales allows us to have different ways of time-frequency partitions at different resolution scales and therefore such a freedom is of importance in certain applications. Since these systems in Corollary 17 are between nonhomogeneous stationary wavelet systems and (fully) nonstationary wavelet systems, we shall call them nonhomogeneous quasi-stationary wavelet systems. Now we are ready to prove Theorem 2 in Section 1. 
For any ρ > 0, there is an even function h ρ in C ∞ (R) such that h ρ takes value one on (−ρ/2, ρ/2), is positive on (−ρ, ρ), and vanishes on R\(−ρ, ρ). Such a function h ρ can be easily constructed, for example, see [18, Section 4] . For sufficiently small ρ > 0, we define
For sufficiently small ρ > 0, it is evident that ϕ is an even function in
, and
Now we define 11) where N := (M T ) −1 . By (4.8) and (4.10), we see that η vanishes on B c (0) and is supported inside We deduce from (4.12) that 0 η(ξ) (ϕ(Nξ)) 2 . Therefore, ψ is well defined and
To prove that ψ ∈ C ∞ (R d ), we first show that if ϕ(ξ 0 ) = 0 or 1, then all the derivatives of ϕ at ξ 0 must vanish. In fact, if ϕ(ξ 0 ) = 0, then by the definition of ϕ in (4.9) we see that the supports of h ρ ( · ) and χ B (1+λ)c/2 (0) (ξ 0 − ·) are essentially disjoint. Consequently, it follows from (4.9) that
In the following, we describe the idea of the splitting technique by increasing angle resolution. For each integer j, pick a positive integer s j and construct C ∞ functions β j,1 , . . . , β j,s j on the unit sphere of R d such that To capture various types of singularities, preferably the significant energy part of each β j,ℓ concentrates near a point or an n-dimensional manifold on the unit sphere with 0 n < d. Let ϕ and ψ be constructed as in the proof of Theorem 2. Now, we can split ψ by defining ) is a frequency-based nonstationary tight wavelet frame in L 2 (R d ) for all integers J. We mention that the main idea of the construction in Theorem 2 and the above splitting technique already appeared in [18, Proposition 3.8 and Section 4] for M = 2I d and for homogeneous tight wavelet frames in L 2 (R d ). Many directional nonhomogeneous quasi-stationary (and nonstationary) tight wavelet frames in L 2 (R d ) can be constructed. To illustrate the above general procedure, using polar coordinates, we present the following result for the special case d = 2 and M = 2I 2 . In the following result and its proof, note that r and θ are used for polar coordinates and a complex number re iθ is identified with the point (r cos θ, r sin θ), that is, R 2 is identified with the complex plane C. (iii) for every nonnegative integer J, we have a nonstationary tight wavelet frame in L 2 (R 2 ): For ℓ = 1, . . . , s j , we define b j,ℓ (re iθ ) := b j,0 (re i(θ−2 ⌊ρj⌋ θπ(ℓ−1)/m) ) for 0 r π and b j,ℓ (re iθ ) := 0 for otherwise re iθ ∈ [−π, π) 2 but r π. By Corollary 17, using a similar proof as that of Theorem 2, we see that all the claims can be easily checked.
